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Symmetry energy behavior of scalar mesons interactions is analyzed within the framework of
the standard relativistic mean field model. Whereas the presence of the δ meson itself makes
the symmetry energy stiffer, the crossing term δ−σ allows its slope to decrease to the suggested
experimental value. Moreover, such controlling of the symmetry energy does not significantly affect
the stiffness of the equation of state and acceptable neutron star masses result. Interestingly, for
the most plausible value of the symmetry energy slope, the phase transition occurs in the neutron
star core.
I. INTRODUCTION
One of the most relevant parameters in the study of
nuclear matter is the nuclear symmetry energy Esym. It
describes the increase of energy with asymmetry of mat-
ter. More precisely, the symmetry energy is defined as
the second derivative of the total energy with respect
to the matter asymmetry at a given density n. Hence,
it is a function of n. This density dependence is cur-
rently the subject of intense experimental and theoret-
ical research. It is commonly accepted that at the sat-
uration density n0 = 0.16 fm
−3, the symmetry energy
value J = Esym(n0) is approximately 30 MeV. In the
last decades, great progress has been made in the deter-
mination of the symmetry energy behavior around n0.
The most important parameter in this field of study is
the symmetry energy slope L defined as the symmetry
energy derivative
L = 3n0
∂Esym
∂n
∣∣∣∣
n0
. (1)
For a long time, the value of this slope has been a mat-
ter of discussion due to inconsistent experimental results.
Early studies based on isospin scaling suggested L to be
well above 100 MeV [1]. The neutron skin thickness mea-
surement [2] resulted in much lower L, of around 65 MeV.
Although the slope is a simply defined quantity, it is dif-
ficult to extract its value experimentally. A review [3] of
a few years ago, presented a variety of approaches for the
determination of L. Given values were between 40 and
70 MeV, including uncertainties the range becomes even
larger: between 20 and 120 MeV. In other work [4], the
authors analyzed the correlation between J and L with
constraints arising from different experiments and astro-
physical observations. They concluded that the slope lies
in the range 40.5 - 61.9 MeV at a 90% confidence level.
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One might expect that the ongoing experimental progress
will narrow the range of possible values of L. The most
recent review [5] collected results from all relevant experi-
ments and astrophysical observations and concluded that
an acceptable value for the slope is L = 58.7±28.1 MeV.
Furthermore, theoretical studies on the symmetry en-
ergy slope also gave a relatively wide range of possible
values of L. A well-known tool used for the description
of dense matter is the Relativistic Mean Field (RMF)
theory [6]. It is constrained by experimental results at
saturation point density and it allows extrapolation of the
nuclear matter parameters to the higher or lower densi-
ties essential in the analysis of neutron star structure. In
its basic form, the RMF model predicts a rather high L,
of up to 140 MeV even. Only its modified form: DDRMF
(density-dependent RMF - where the coupling constants
are functions of density) allows one to obtain acceptable
values of the symmetry energy slope [7]. For comparison
of various RMF models in the context of the symmetry
energy see Ref. [8].
However, the description of nuclear matter based on
Brueckner-Hartree-Fock theory or the Skyrme model
gives a very broad range for L, dependent on the param-
eters used in the model. A broad discussion of various
models is presented in this review [9].
The standard RMF model can be understood as a
minimalistic construction based on the introduction of
Yukawa coupling of nucleons to mesons where the cou-
pling constants are independent of the density. The
model only includes meson fields which couple to all pos-
sible nucleonic currents:ψ¯ψ, ψ¯γµψ, ψ¯~τψ, ψ¯γµ~τψ, ψ¯ψ.
Hence we get σ, ω, δ and ρ mesons, respectively. The δ
meson can be said to be negligible as its influence on nu-
clei properties is not large, so the symmetry energy can
be expressed by
Esym =
k20
6E0
+
g2ρ
8m2ρ
n , (2)
where k0 and E0 are the Fermi momentum and energy
for symmetric matter respectively and gρ,mρ are the cou-
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2pling constant and mass of the ρ meson respectively. The
first term in Eq.(2) is from the difference of the Fermi lev-
els of the protons and neutrons, the second comes from
the nucleon-ρ interaction. The second term dominates
the first (which scales approximately as n1/3) and causes
a high value of L. Different work [10] showed that the
rapid growth of Esym due to the ρ meson could be dimin-
ished by inclusion of meson crossing terms ρ−σ and ρ−ω.
These terms increase the effective mass mρ and suppress
the second term in Eq.(2). Effects of the ρ−ω cross-
ing term in the context of neutron stars were explored
[11, 12], where it appeared that the obtained equation
of state was too soft (the maximal neutron star mass
obtained was around 1.7M). The model was later im-
proved [13, 14] and a higher mass obtained 1.97M, but
this was still too low compared to the most recent ob-
servations [15, 16]. Besides the ρ meson in the isovector
sector, the scalar meson δ should also be included, as
was proposed in Ref. [17]. It was discussed there that
although the δ meson contribution to the total energy
is negative, its inclusion makes the symmetry energy in-
crease due to the vector meson ρ contribution which dom-
inates all other terms and in the end makes L large. In
this work, we propose an extension to the standard RMF
approach, namely studying the interaction of the scalar-
isoscalar meson σ with the scalar-isovector δ to analyze
the symmetry energy slope and its behavior at higher
densities. Scalar meson interactions appear naturally in
chiral perturbation theory (ChPT), where the chiral ex-
pansion introduces various meson-meson vertices of dif-
ferent powers [18]. ChPT extended to SU(3)L×SU(3)R
symmetry has been successfully applied to describe nuclei
[19]. Subsequently, this approach was applied to asym-
metric matter relevant for neutron stars [20, 21]. It is
worth noting that the lagrangian used in some works
[20, 21] had to be extended to the isovector-scalar field
(δ-meson) to obtain correct properties of the symmetry
energy. In this work, we consider the σ−δ interaction
in the framework of RMF. Both σ and δ are responsible
for attraction between nucleons, so their coupling could
control the density dependence behavior of the symmetry
energy. Furthermore, the σ−δ coupling does not cause a
large softening of the EOS as has happened with vector
meson crossing terms [11, 12] The simplest forms of the σ
and δ interaction, acceptable by isospin symmetry prin-
ciples, are σ~δ2 or σ2~δ2. Both of them have been taken
into account and compared in this work.
II. FORMALISM
We introduce a Lagrangian L which describes the par-
ticle interactions. The Lagrangian L contains fields de-
scribing nucleons ψ =
(
ψp
ψn
)
and four mesons which are:
the scalar-isoscalar σ meson, vector-isoscalar ω meson,
vector-isovector ρ meson, scalar-isovector δ meson and
additionally, the interaction between σ and δ mesons.
The Lagrangian density L for nucleon and meson fields
is given in Refs. [6, 17]:
L = 1
2
(
∂µσ∂
µσ −m2σσ2
)− 1
4
(∂µων − ∂νωµ) (∂µων − ∂νωµ) + 1
2
m2ωωµω
µ − 1
4
(∂µ~ρν − ∂ν~ρµ) (∂µ~ρν − ∂ν~ρµ) + 1
2
m2ρ~ρµ~ρ
µ
+
1
2
∂µ~δ∂
µ~δ − 1
2
m2δ
~δ2 + ψ¯ (i∂µγ
µ −m)ψ + gσσψ¯ψ − gωωµψ¯γµψ − 1
2
gρ~ρµψ¯γ
µ~τψ + gδ~δψ¯~τψ − U(σ)− Lσδ,
(3)
where m is the nucleon mass, and mi are meson masses
and, i = σ, ω, ρ and δ respectively. Here, gσ, gω, gρ
and gδ are coupling constants for nucleons to the cor-
responding mesons and the potential U(σ) is the self-
interaction of the σ meson that can be written as U (σ) =
1
3b m(gσσ)
3
+ 14c (gσσ)
4
, where b and c are dimensionless.
Such a potential is necessary to get proper compress-
ibility value at the saturation point [22]. The last term
represents the σ-δ interaction and can take two different
forms
Lσδ =
{
g˜σδ2σ~δ
2 linear,
g˜σ2δ2σ
2~δ2 quadratic.
(4)
The field equations for the meson mean fields are as fol-
lows:
m2σσ¯ = gσ
(
nsp + n
s
n
)− ∂U
∂σ
− g˜αα σ¯α−1δ¯2, (5)
m2ω ω¯0 = gωn, (6)
m2ρρ¯03 =
1
2
gρ (2x− 1)n, (7)
m2δ δ¯3 = gδ
(
nsp − nsn
)− 2g˜ασ¯αδ¯, (8)
where the σ−δ interaction terms include coupling con-
stant depending on the type of interaction
g˜α =
{
g˜σδ2 for linear, α = 1,
g˜σ2δ2 for quadratic, α = 2.
(9)
In the framework of the RMF theory the mean values of
meson the fields σ¯, ω¯, ρ¯, δ¯ are determined by the vector
3and scalar nucleon densities ni and n
s
i , i = n, p. In Eqs.
(6) and (7), n denotes the baryon density
n = np + nn =
2
(2pi)
3
∫ kp
0
d3k +
2
(2pi)
3
∫ kn
0
d3k (10)
and x is the number of protons per baryon x =
np
n . Sim-
ilarly, in Eqs. (5) and (8), nsi is the proton and neutron
scalar density respectively which has the form
nsi =
2
(2pi)
3
∫ ki
0
m∗i√
k2 +m∗2i
d3k , i = p, n (11)
where m∗p,m
∗
n are the effective masses of the proton and
neutron:
m∗p = m− gσσ¯ − gδ δ¯3, (12)
m∗n = m− gσσ¯ + gδ δ¯3. (13)
In the following, we use Fermi momenta for protons and
neutrons ki=
(
3pi2ni
) 1
3 , i = n, p . The RMF approach al-
lows one to present the energy density (σ¯, ω¯, ρ¯, δ¯, kp, kn)
as a function of mean field values and Fermi momenta.
Due to Eqs. (12 and 13) the energy density may be ex-
pressed in terms of nucleon effective masses and densities
 =
2
(2pi)3
(∫ kp
0
d3k
√
k2 +m∗2p +
∫ kn
0
d3k
√
k2 +m∗2n
)
+
1
2
1
C2σ
(m− m¯∗)2 + 1
2
C2ωn
2 +
1
8
C2ρ(2x− 1)2n2
+
1
8
1
C2δ
(∆m∗)2 + gα(∆m∗)2(m− m¯∗)α + U(m− m¯∗),
(14)
where m¯∗ = (m∗p + m
∗
n)/2 and ∆m = m
∗
n − m∗p. In
the expression for the energy, we introduce gα instead
of g˜α, i.e. gα =
g˜α
4gασg
2
δ
. We use gα for convenience
in further proceeding calculations. One must remem-
ber that the parameter gα takes a different form in the
quadratic or linear case and has different units. The
translational invariance of the meson mean fields and the
use of effective masses in the energy density function al-
lows one to replace the coupling constants gσ, gω, gρ, gδ
by C2σ =
g2σ
m2σ
, C2ω =
g2ω
m2ω
, C2ρ =
g2ρ
m2ρ
, C2δ =
g2δ
m2δ
and here-
after we treat them as the relevant model parameters.
III. RESULTS
The seven coupling constants: C2i , b, c and gα - have
to be adjusted to fit the saturation properties of nuclear
matter. C2σ, C
2
ω, b, c belong to the isoscalar sector and
the remaining three C2ρ , C
2
δ , gα belong to the isovector
sector. Using experimental saturation properties such as
a saturation density n0 = 0.16 fm
−3, the binding energy
gσδ2 = ±0.009 fm-1
gσ2 δ2 = ±0.004
gσδ2 = gσ2 δ2 = 0
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FIG. 1. Slope of symmetry energy L [MeV] as a function
of C2δ [fm
2] for different gα. For negative gα the slope is
decreasing.
for symmetric nuclear matter B = 
(
n0,
1
2
)
/n0 − m =
−16 MeV and an incompressibility K = 230 MeV, we are
able to extract only three isoscalar coupling constants:
C2ω = 6.48 fm
2, b = 0.0054 and c = −0.0057 which means
that Cσ remains undetermined. To some extent, it may
be restricted from the stiffness of the equation of state,
namely the pressure versus density relation. It was shown
by Prakash et al. [23], that due to the correlation between
scalar and vector meson couplings, the greater C2σ is, the
greater the pressure at densities above n0. So, the higher
C2σ is, the stiffer the equation of state (EOS) becomes. In
this work, we employ the coupling constant C2σ = 11 fm
2
which gives the EOS sufficient stiffness to obtain neutron
star mass above 2M. Summing up, the following satu-
ration properties: n0, B,K and the stiffness of the EOS
determine coupling constants from isoscalar sector.
The set of parameters describing the interactions of
isovector mesons, appearing in Eq. (14), C2ρ , C
2
δ and gα,
are strictly connected to the symmetry energy Esym(n).
The symmetry energy is defined as the second derivative
of the energy density  (n, x):
Esym(n) =
1
8n
∂2 (n, x)
∂x2
∣∣∣∣
x= 12
. (15)
From Eq. (15), we obtain the symmetry energy in the
following form:
Esym(n) =
1
8
C2ρn+
k20
6
√
k20 +m
∗2
0
− C2δ
m∗20 n
2(k20 +m
∗2
0 ) (1 + C
2
δA+ 8 gαC
2
δ (m−m∗0)α)
,
(16)
where A(k0,m0) =
4
(2pi)3
∫ k0
0
k2
(k2+m∗20 )3/2
d3k. For sym-
metric matter at saturation density, the effective masses
and Fermi momenta are equal, hence m∗p = m
∗
n = m
∗
0 and
4kp = kn = k0 where k0(n) = (
3
2pi
2n)
1/3
. The coupling
constants for ρ and δ mesons can be correlated in such
a way as to fix the symmetry energy Esym(n0). Here we
adopt Esym(n0) = 30 MeV. A detailed discussion can
be found in Ref. [17]. We have extended this formalism
to include the σ-δ crossing term with its coupling deter-
mined by gα to control the value of the symmetry energy
slope L. While the value of Esym(n0) is determined to
be 30 MeV, we allow the slope L to scatter over a broad
range. Then, the free parameters C2δ and gα, were con-
strained in such a way that the slope L varies in the
range from 48 to 140 MeV. Values adopted for further
calculation are shown in Table I. In Fig. 1 we show the
correlation between the symmetry energy slope and σ−δ
coupling. Here one can notice the importance of such
a crossing term. Without the gα = 0 term, the value
of the symmetry energy slope cannot be fully controlled.
A change in C2δ can only increase the slope and an L
above 90 MeV results, which is hardly acceptable (re-
garding the experimental data). Introduction of σ−δ cou-
pling allows for better control of the slope. Particularly,
due to the negative coupling constant gα, the slope can
be significantly diminished. The upper panel in Fig. 2
shows the symmetry energy Esym in the case of linear
coupling where gσδ2 = −0.009 fm−1 with different values
of C2δ = 0.5, 1.5, 2.5, 3.5 fm
2. Corresponding values of L
are given in the plots. The sign of gα decides the role
played by the coupling constant C2δ . For positive gα, the
slope L attains unacceptable values and this also leads
to the symmetry energy rapidly increasing with the den-
sity. For negative gα, the influence of C
2
δ is more complex.
Slightly above n0, the increase of Es is small and at much
higher densities it grows rapidly. A similar tendency is
observed for quadratic coupling but it is much more ap-
parent, see the bottom panel in Fig. 2. It is interesting
that in the quadratic case, for sufficiently high C2δ , the
symmetry energy becomes a decreasing function at some
densities and even attains negative values. Such super-
soft symmetry energy has never been obtained in RMF
TABLE I. Parameters in isovector sector.
Linear Quadratic
gσδ2 = 0.009 fm
−1 gσ2δ2 = 0.004
C2δ [fm
2] C2ρ [fm
2] L [MeV] C2ρ [fm
2] L [MeV]
0.5 5.2 88.9 5.3 88.1
1.5 8.2 98.4 8.4 100.9
2.5 10.6 112.3 11.3 117.9
3.5 12.7 126.6 13.8 139.3
gσδ2 = −0.009 fm−1 gσ2δ2 = −0.004
C2δ [fm
2] C2ρ [fm
2] L [MeV] C2ρ [fm
2] L [MeV]
0.5 5.4 87.9 5.4 86.8
1.5 9.6 87.9 9.3 86.5
2.5 14.8 76.9 13.6 77.3
3.5 21.3 47.2 18.4 54.4
gσδ2 = -0.009 fm-1
L = 87.9 MeV
L = 87.9 MeV
L = 76.9 MeV
L = 47.2 MeV
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FIG. 2. Symmetry energy Esym for negative value of gα with
respect to various values of C2δ for both types of coupling.
models. However, this kind of Esym behavior is quite
common in approaches based on the MDI and Skyrme
interactions [9], and more recently, it was also obtained
in the framework of Nambu-Jona-Lasinio model [24].
Such density regions of decreasing symmetry energy
are interesting with respect to the stability of the neutron
star matter. It was shown in Ref. [25] that the symme-
try energy is a crucial quantity determining whether the
matter under beta equilibrium remains as a one-phase
system or splits into two phases. The signal of the phase
separation comes from the negative value of the mat-
ter compressibility taken as the pressure derivative with
respect to density under constant electron chemical po-
tential µ. It can also come from the negative value of
the charge susceptibility − the derivative of charge with
respect to µ under constant baryon density:
Kµ =
(
∂P
∂n
)
µ
> 0 , χn =
(
∂q
∂µ
)
n
> 0 . (17)
Indeed, with the highest Cδ coupling, where the slope L
assumes the most plausible value (∼50 MeV), the com-
pressibility becomes negative, shown in Fig. 3. Such be-
havior of the compressibility at the density corresponding
to the neutron star core is very interesting. It means that
matter in the core cannot be homogeneous but forms a
two-phase system. It is likely that some portion of the liq-
uid core becomes solid as was suggested in Ref. [26]. The
presence of the δ mean field makes the effective nucleon
5mass splitting,mp and mn no longer the same. In Fig. 4
we have depicted the effective masses of protons and neu-
trons as a function of baryon density n for various values
of the proton fraction x for the quadratic case. Similar
behavior is also observed for the linear term. The solid
lines correspond to proton masses mp, while dashed lines
correspond to neutron masses mn. The proton fraction
ranges from x = 0 for pure neutron matter (edge lines)
to x = 0.5 for symmetric matter (middle line). The lines
in between represent x = 0.1, 0.2, 0.3 and 0.4. It is nat-
ural that the higher C2δ is, the bigger the mass splitting
becomes. For the most plausible value of L, the mass dif-
ference becomes very large - it is comparable to the rest
mass of a nucleon. Here we present the results for nega-
tive δ−σ coupling only, which is acceptable with respect
to the symmetry energy slope. Results for gσ2δ2 > 0, look
similar. However, the effective mass splitting is smaller.
The proposed model must be confronted with the ba-
sic parameters of neutron stars. By solving the Tolman-
Oppenheimer-Volkoff equations we acquire the family of
stars parametrized by the central density for the whole
parameter space. The essential quantity is the maxi-
mum mass of the stellar configuration. For the linear
model with gσδ2 = −0.009 fm−1 the maximum mass, the
radius of maximal configuration and its central density
have the ranges: Mmax = 2.17 − 2.21 M, Rmax =
11.09 − 11.53 km, and ncen = 1.05 − 0.97 fm−3 corre-
sponding to the range of C2δ = 0.5 − 3.5 fm2. In the
quadratic model case, gσ2δ2 = −0.004 and the considered
range of couplings was slightly smaller, which means that
C2δ = 0.5− 2.5. Then the stellar parameters take ranges
Mmax = 2.17− 2.22 M, Rmax = 11.09− 11.37 km and
ncen = 1.05−0.99 fm−3. The obtained maximum masses
are in agreement with present observations [15, 16]. For
0.05
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FIG. 3. The proton fraction and compressibility of beta-
equilibrated matter for the quadratic model with various C2δ
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FIG. 4. Effective masses of protons (solid lines) and neu-
trons (dashed lines) for two values of C2δ for quadratic type
of coupling.
the most plausible values of C2δ = 3.5 fm
2 (which gives a
slope L ∼ 50 MeV) the relation density versus pressure
is not unique because of the negative compressibility; see
Fig. 3. Such behavior requires a construction of a two-
phase system. In this case, acquiring the proper equation
of state presents a problem exceeding the scope of this
paper, so it will be presented in a separate work. In
Fig. 3 the proton fraction in the quadratic model for dif-
ferent Cδ couplings is shown (a similar dependence was
obtained for the linear model). This quantity is relevant
for neutron star thermal history. When the proton frac-
tion exceeds the threshold value for the so-called direct
URCA cycle [27] the star is cooled very efficiently, (pro-
vided no other effects, like superfluidity are present [28]).
In all considered models the critical density for dURCA
is not high: it ranges from 0.25 to 0.3 fm−3. This means
that the critical neutron star mass for all cases takes val-
ues between 1.01 and 1.06 solar mass, well below the
typical masses of observed neutron stars.
IV. CONCLUSIONS
In this paper we have shown that the inclusion of scalar
meson coupling in the standard RMF model may be used
to control the value of the symmetry energy slope L. The
6relevance of the meson-meson interaction in the RMF
model is detailed. The slope L, consistent with the ex-
perimental constraints can be obtained both for linear or
quadratic versions of the σ-δ coupling only if the cou-
pling constant takes negative values. A difference be-
tween these two sorts of meson interactions manifests
only at higher densities. The quadratic coupling low-
ers the symmetry energy much more efficiently than the
linear one. In the former case, the symmetry energy can
be close to zero. Such behavior of the symmetry energy
is unusual in the RMF approach and moreover has in-
teresting consequences for the equation of state. At the
densities where the symmetry energy vanishes, the com-
pressibility of matter is negative which is the signal of the
phase transition to the system with two different phases.
This point requires further research. The quadratic cou-
pling can also make the effective mass splitting very large.
Already at a few n0, the mass splitting is comparable to
the nucleon rest mass. For the models with positive com-
pressibility, the equation of state was derived in order to
check the basic neutron star properties. The obtained
masses agree with observations. With reference to the
neutron star cooling, it appeared that the proton frac-
tion required for fast cooling is attainable for stars with
masses slightly above 1M.
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